Let g be a simple classical Lie algebra over C and G be the adjoint group. Consider a nilpotent element e ∈ g, and the adjoint orbit O = Ge. The formal slices to the codimension 2 orbits in the closure O ⊂ g are well-known due to the work of Kraft and Procesi [KP82]. In this paper we prove a similar result for the universal G-equivariant cover O of O. Namely, we describe the codimension 2 singularities for its affinization Spec (C[ O] ).
Introduction
Let g be a classical simple Lie algebra, and G be the corresponding adjoint group. We set O ⊂ g to be a nilpotent orbit and O to be its universal G Here the first map is induced from the covering O → O, and the second is the normalization map. We show in Corollary 5.6 that O ′ is connected.
Kraft and Procesi in [KP82] described formal slices to O ′ ⊂ O, we recall this result in Theorem 2.4. The main goal of this paper is to describe the formal slice to O ′ in Spec(C [ O] ). Note that if g is of type A, then O = O, and the description of formal slices is well-known. Therefore, we assume from now on that g is classical of type B, C or D.
The plan of the paper is as follows.
In Section 2 we recall classical facts about nilpotent orbits and state Theorem 2.6, that is the main result of this paper. After that we generalize the notion of Lusztig-Spatenstein induction to covers of the nilpotent orbits. In Section 3 we recall the description of filtered Poisson deformations of symplectic singularities from [Nam11] . Namely, filtered Poisson deformations of a symplectic singularity X are classified by the points of P/W , where P is an affine space, and W is a finite group acting on P. The Namikawa space P can be recovered from the smooth locus X reg and the types of singularities of codimension 2 symplectic leaves in X. The main idea of our paper is to compute the space P for Spec(C[ O]), and deduce the codimension 2 singularities from it. By results of [Los16] , the space P for the conical symplectic singularity Spec(C[O]) can also be described using the Lusztig-Spaltenstein induction. In Section 4 we generalize these results to the covers of nilpotent orbits. In Section 5 we compute the Namikawa space for Spec(C[ O]) and deduce the singularity of O ′ in Spec(C[ O]), thus proving Theorem 2.6.
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2. Nilpotent orbits in classical simple Lie algebras 2.1. Partitions corresponding to nilpotent orbits. Let g be a classical simple Lie algebra of type B, C or D. We have the following combinatorial description of nilpotent orbits in g.
Proposition 2.1. [CM93, Theorem 5.1.6] (1) The nilpotent O n -orbits in so n are in one-to-one correspondence with partitions of n in which every even part occurs with even multiplicity.
(2) The nilpotent Sp 2n -orbits in sp 2n are in one-to-one correspondence with partitions of 2n in which every odd part occurs with even multiplicity.
If n is odd, then O n = Z/2Z×SO n = Z/2Z×Ad(so n ), so every O n orbit is a single Ad(so n ) orbit. Suppose that n is even, let α = (α 1 , . . . , α n ) be a partition of n and let O α be the corresponding O n orbit. The partition α is called very even if α satisfies the parity condition (1), and every element of α is even. For a very even α the orbit O α is the union of two Ad(so n )-orbits O 1 α and O 2 α . If α is not very even, the corresponding orbit O α is a single Ad(so n )-orbit.
In the setting of this paper we work with G-equivariant covers of O, where G is the corresponding adjoint group. For e ∈ O let (e, h, f ) be an sl 2 -triple in g. We set Q = Z G (e, h, f ), and set π G 1 (O) = Z G (e, h, f )/Z G (e, h, f ) • to be the G-equivariant fundamental group of O. Let α = (α 1 , α 2 , . . . , α n ) be the partition corresponding to the orbit O ⊂ g. Put a to be the number of distinct odd α i , and b to be the number of distinct even non-zero α i . We have the following proposition.
Proposition 2.2. [CM93, Corollary 6.1.6] (1) If g = so 2n+1 , then π G 1 (O) = (Z/2Z) a−1 ; (2) If g = sp n , then π G 1 (O) = (Z/2Z) b if all even parts have even multiplicity; otherwise π G 1 (O) = (Z/2Z) b−1 ;
(3) If g = so 2n , then π G 1 (O) = (Z/2Z) max(0,a−1) if all odd parts have even multiplicity; otherwise π G 1 (O) = (Z/2Z) max(0,a−2) . 2.2. Singularities in codimension 2. In this section we recall the classification of codimension 2 singularities in O from [KP82] .
We are interested in nilpotent orbits O ′ ⊂ O of codimension 2. Let α, β be the partitions corresponding to O and O ′ respectively. Suppose that the first r rows and s columns of α and β coincide. Let α ′ , β ′ be the partitions obtained by erasing these rows and columns. We call the pair (α ′ , β ′ ) the minimal degeneration of (α, β). 
If α q and α q+1 are the only numbers in α with odd multiplicity then the singularity of
) is equivalent to the Kleinian singularity of type A 2k−1 .
Remark 2.7. For the cases (a) and (b) we do not require the multiplicities of α q and α q+1 to be equal 1. For example, if O, O ′ ⊂ sp 22 are the orbits corresponding to the partitions α = (4, 4, 4, 2, 2, 2, 2, 2) and β = (4, 4, 3, 3, 2, 2, 2, 2), then the singularity of O ′ in Spec(C[ O]) is equivalent to the Kleinian singularity of type A 1 .
We have the following corollary of Theorem 2.6.
Corollary 2.8. Let X ⊂ O be the union of O and all codimension 2 orbits O ′ ⊂ O, such that one of the following two conditions holds.
• The pair of orbits
is such that α q and α q+1 are the only numbers in α with odd multiplicity. [Los16] ). If the orbit O cannot be birationally induced from a proper Levi subalgebra, we say that O is birationally rigid. Let us explain the Lusztig-Spaltenstein induction on the level of partitions following [CM93] . Recall that g is of type B, C or D. We will use notation g n to denote the simple Lie algebra so n or sp n correspondingly, and G n to denote the corresponding adjoint group. Let us denote by P(n) the set of partitions appearing in Proposition 2.1 for the Lie algebra g n , and say that l has the same parity as g, if (−1) l = ε g , where ε g = 1 for g = so n , and ε g = −1 for g = sp n .
Recall the following well-known fact.
Lemma 2.9. [CM93, Lemma 3.8.1] Every Levi subalgebra l ⊂ g n is G-conjugate to a Levi subalgebra of the form gl t 1 × gl t 2 × . . . × gl tp × g n−2 i t i .
By Lemma 2.9, any induction can be obtained as a sequence of inductions from the Levi subalgebras of form l = gl m × g k−2m ⊂ g k . Let us recall the combinatorial data associated with such induction. Set O 0 ⊂ g k−2m to be a nilpotent orbit, and α ∈ P(k − 2m) to be the corresponding partition. Let O ⊂ g be an orbit induced from the orbit {0} × O 0 ⊂ gl m × g n−2m , and β ∈ P(n) be the corresponding partition. Consider the partition α m of n defined by α m i = α i + 2 for i ≤ m and α m i = α i for i > m. Proposition 2.10. [CM93, Theorem 7.3 .3] There are two possible cases: 1) α m ∈ P(n). Then β = α m . 2) α m / ∈ P(n). Then β = (α 1 + 2, . . . , α m−1 + 2, α m + 1, α m+1 + 1, α m+2 , . . . , α n ). We call β the collapse of α m . Then α m = α m+1 , and α m has the same parity as g.
Example 2.11. Consider the orbit O 0 ⊂ so 11 corresponding to the partition α = (7, 2, 2). Let O be the orbit in so 15 induced from {0} × O 0 ⊂ gl 2 × so 11 . Then α 2 = (9, 4, 2) / ∈ P(15), because even numbers 4 and 2 occur once. The orbit O corresponds to the collapse β = (9, 3, 3).
We can extend the Lusztig-Spaltenstein induction to the covers of orbits in the following way. Let O 0 ⊂ l be an adjoint orbit, L ⊂ G be the Levi subgroup with Lie algebra l, and O 0 be an L-
We say that O is birationally induced from O 0 . If the cover O cannot be birationally induced from a proper Levi subalgebra, we say that O is birationally rigid.
Generalities on symplectic singularities and their deformations
3.1. Filtered Poisson deformations. Let A be a finitely generated Poisson algebra equipped with a grading A = ∞ i=0 A i such that A 0 = C, and the Poisson bracket has degree −d, where d ∈ Z >0 .
Let A be a filtered commutative algebra equipped with a Poisson bracket decreasing the filtration degree by d. Moreover, suppose that we have an isomorphism θ : gr A ≃ A of Poisson algebras. Such pair (A, θ) is called a filtered Poisson deformation of A.
By a Poisson scheme we mean a scheme X over Spec(C) whose structure sheaf O X is equipped with a Poisson bracket. For example, for any finitely generated Poisson algebra A the affine scheme X = Spec(A) is a Poisson scheme. By a filtered Poisson deformation of X we understand a sheaf D of filtered Poisson algebras complete and separated with respect to the filtration together with an isomorphism of sheaves of Poisson algebras θ : gr D ≃ O X .
3.2. Symplectic singularities. Let X be a normal Poisson algebraic variety such that the regular locus X reg is a symplectic variety. Let ω reg be the symplectic form on X reg . Suppose that there exists a projective resolution of singularities ρ : X → X such that ρ * (ω reg ) extends to a regular (not necessarily symplectic) form on X. Following Beauville [Bea00] , we say that X has symplectic singularities. Recall that we have the following example. 3.3. The Namikawa space P. Recall that a normal algebraic variety X is called Q-factorial if for any Weil divisor it has a nonzero integral multiple that is Cartier.
Proposition 3.3. [Los19, Proposition 2.1] Let X have symplectic singularities. Then there is a birational projective morphism ρ : X → X, where X has the following properties:
(a) X is an irreducible, normal, Poisson variety (and hence has symplectic singularities).
Remark 3.4. In [Nam01] Namikawa has shown that modulo (a), condition (c) is equivalent to codim X X/ X reg ≥ 4. In what follows, we will check this condition instead of verifying (c).
Such X is called a Q-factorial terminalization of X. We recall the Namikawa space for X that is defined as P = H 2 ( X reg , C).
We want to restate the definition of P in terms of X without the use of a Q-factorial terminalization. Let L 1 , L 2 , . . . , L k be the codimension 2 symplectic leaves of X. Let Σ ∧ i = (C 2 ) ∧0 /Γ i be the formal slice to L i . We set Σ i to be C 2 /Γ i , Σ i to be its minimal resolution, and P i = H 2 ( Σ i , C). Recall that we have an ADE classification of finite subgroups of Sp(2, C), and by McKay correspondence the affine space P i is isomorphic to the Cartan space of the Lie algebra of the same type. Set W i to be the corresponding Weyl group acting on P i . We have the natural monodromy action of π 1 (L i ) on P i and W i by diagram automorphisms.
to be the fixed points of this action. We have the following description of the space P due to Namikawa [Nam11] and Losev [Los16] .
Proposition 3.5. We have P = H 2 (X reg , C) ⊕ k i=1 P i . We call P the Namikawa space, P 0 = H 2 (X reg , C) the smooth part of the Namikawa space, and P i the partial Namikawa space for the symplectic leaf L i . Recall the Namikawa-Weyl group, that is W = k i=1 W i . The importance of P and W are explained by the following fact. Remark 4.2. For the trivial cover O 0 ≃ O 0 the proposition is known by the works of Namikawa [Nam09] and Losev [Los16] .
In [Nam19, Corollary 2.4, Proposition 3.4, Proposition 3.6] Namikawa proved that Spec(C[ O])
is Q-factorial terminal for the universal covering O of an orbit O with some conditions on the corresponding partition α. One can check that O is birationally rigid if and only if α satisfies the conditions from loc.cit.
Proof. We follow the approach of [Los16, Proposition 4.4], because this argument can be easily generalized to the case of G-equivariant covers. First, note that
Since P = 0, X has no symplectic leaves of codimension 2. By Remark 3.4, X is terminal. It remains to show that P = 0.
In [Nam11] Namikawa constructed a universal conical Poisson deformation X P of X over P/W . Pick Zariski generic λ ∈ P/W , and let X λ be the fiber over the point λ, and µ λ : X λ → g be the moment map. The G-action on X λ has an open orbit that we denote by O λ , and the restriction of µ λ to the open orbit is a covering map O λ → O λ for some adjoint orbit O λ . Let ξ be the semisimple part of an element in O λ and set l to be the centralizer of ξ in g. We set L and P to be the corresponding Levi and parabolic subgroups. Let O ′ ⊂ l be a nilpotent orbit, such that
That is a normal Poisson scheme over Cξ with a Hamiltonian G-action, and the fiber over 0 is X 1 = G × P ( X ′ × n). Set X Cξ = Spec(C[ X Cξ ]). Note that the fiber of X Cξ over the point
as G-modules. ThenǑ 0 = O 0 , and therefore O 0 is not birationally rigid, so we get a contradiction.
Corollary 4.3. There is a unique pair of a Levi algebra l and a birationally rigid cover
, and the Namikawa space P equals to z(l).
Proof. The proof is completely analogous to [Los16, Corollary 4.5 and Proposition 4.6]. The only new thing we have to show is that there exists a birational map ρ :
To give such map is the same as to give a map of algebras ρ * :
the map i * is an isomorphism of algebras. We set ρ * to be the inverse to i * . 
Then O cannot be birationally induced from l ′ = gl m × g n−2m for any m / ∈ S.
Proof. Suppose that O can be birationally induced from the cover O ′ of an orbit O ′ ⊂ l ′ . By Corollary 4.3 we have a Levi subalgebra l 1 ⊂ g n−2m and a birationally rigid cover O 1 of an orbit
and that contradicts to the uniqueness of the pair (l, O 0 ).
4.2.
Birationality criteria for Lusztig-Spaltenstein induction. In this section we study when the Lusztig-Spaltenstein induction on orbits is birational and use it to determine whether a given cover of an orbit can be birationally induced. Let us first introduce the notion of α-singularity.
Let O ⊂ g be a nilpotent orbit, and α ∈ P(n) be the corresponding partition. For every m ≤ n set d m = αm−α m+1 2 . We say that an integer m is α-singular if α m − α m+1 ≥ 2, or equivalently, d m ≥ 1. Theorem 2.4 implies that α-singular numbers are in 1-to-1 correspondence with codimension 2 orbits in O. We denote the set of α-singular numbers by S(α).
Lemma 4.6. Suppose that an orbit O corresponding to the partition α ∈ P(n) is induced from the Levi subalgebra l.
, and α i has the opposite parity to g.
and β be the corresponding partition.
By Proposition 2.10, one of the following holds.
• α m = β m +2, α m+1 = β m+1 . Then α m ≥ α m+1 +2, so m ∈ S(α), and we get a contradiction;
• α m−1 > α m = α m+1 = β m + 1 = β m+1 + 1 > α m+2 , and α m has the opposite parity to g. Therefore β m = β m+1 has the same parity as g. Suppose that k m ≥ 2. Then O m is induced from gl m ×g n−2 ik i . Since β m = β m+1 , Proposition 2.10 implies that β m has the opposite parity to g. However, we proved that β m has the same parity as g, so we get a contradiction.
Therefore, k m = 1, α m−1 > α m = α m+1 > α m+2 , and α m has the opposite parity to g.
We say that α is special at k, if g is of type D, and α k = α k+1 are the only odd parts of the partition α. Recall the following well-known fact about the second cohomology of nilpotent orbits. Let l = gl m × g n−2m be a Levi subalgebra, O 0 ⊂ g n−2m be a nilpotent orbit, and ρ :
Since both varieties are smooth, and the complement to O in G × P (O 0 × n) is of real codimension at least 2, the map i * is surjective.
Proposition 4.9. The map i * induces a well defined map φ :
, such that the following diagram is commutative.
, then the left map is an isomorphism, and lemma follows immediately. Suppose that π G 1 (O) ≃ π 1 (O), and let α be the partition corresponding to O. First, suppose that g is of type C or α is not rather odd (i.e. some odd number occurs at least twice in the partition α). [CM93, Corollary 6.1.6] implies that the map π 1 ( O) → π G 1 ( O) is the quotient by the subgroup ±I, where I is the image of the identity matrix. It is easy to see that φ(−I) = −I, and ±I lies in the kernel of the map π 1 (O 0 ) → π G n−2m 1 (O 0 ), so the map i * quotients to a map φ : π G 1 ( O) → π G n−2m 1 (O 0 ). Suppose that g = so n , and α is rather odd. We need to show that i * induces a map φ ′ : π SOn 1 ( O) → π SO n−2m 1 (O 0 ). Then we can proceed as above. Indeed, π 1 (O) is the central extension of π SOn 1 (O) by Z/2Z, and π SOn 1 (O) is the direct sum of some copies of Z/2Z. Let us denote the image of Z/2Z in π 1 (O) by Γ. Analogously, π 1 (O 0 ) is the central extension of π SO n−2m 1 (O 0 ) by Γ 0 = Z/2Z. Let x ∈ π 1 (O) be the element, such that 2x is the generator of Γ. Then i * (2x) = 2i * (x) ∈ Γ 0 . Therefore i * (Γ) ⊂ Γ 0 , and φ ′ is well-defined.
Since i * is surjective, the map φ is a group epimorphism.
Corollary 4.10. Suppose that the generalized Springer morphism ρ :
is a subgroup of index 2, and O → O is 2-fold. The map φ constructed above is an isomorphism.
As in Section 2.1, set Q to be the reductive part of the stabilizer of e ∈ O, q be the corresponding Lie algebra, and z be the center of q, that is the direct sum of some copies of so 2 . It is well-known that
(O 0 ) on z * is diagonalizable with k eigenvalues −1, and all other 0. Therefore, the space of invariants (z * ) π G 1 ( O) is the 0 eigenspace for this action, so dim
Let us denote the subgroup π G 1 ( O) ⊂ π G 1 (O) by Γ m , and the kernel of the map φ by H m . Note that Γ m = π G 1 (O) for the birational ρ, and H m is trivial otherwise. LetǑ be a G-equivariant cover of O.
. LetO be the cover birationally induced fromǑ 0 . Then we have π G Recall from Section 4.2 the set of α-singular elements S(α), and the numbers d i for all i ≤ n. For m ∈ S(α) let O m be the corresponding codimension 2 orbit, and P m be the corresponding partial Namikawa space. In Proposition 4.14 we will show that dim P m = d m . First, we need to compute the Levi subalgebra l, such that O is birationally induced from a birationally rigid nilpotent orbit in l.
Proposition 4.12. Set t = n − 2 i∈S(α) id i and consider the Levi subalgebra l 0 = i∈S(α) gl d i i × g t ⊂ g. There exists an orbit O 0 ⊂ l 0 , such that O is birationally induced from O 0 , and O 0 has no codimension 2 orbits.
Proof. Consider the partition β = (β 1 , β 2 , . . . , β n−2 i id i ) obtained in the following way. For every number k let S(α) ≥k be the set of m ∈ S(α) such that m ≥ k. We set β k = α k − 2 i∈S(α) ≥k d i . It is easy to see that β ∈ P(n − 2 i id i ). We
The orbit O is birationally induced from O 0 by Proposition 4.8. Suppose that O ′ ⊂ O 0 is an orbit of codimension 2, corresponding to m ∈ S(β). Then β m − β m+1 ≥ 2, and α
That contradicts to the definition of d m . Therefore O 0 has no codimension 2 orbits.
Corollary 4.13. Define a Levi subalgebra l ⊂ g as follows. If α is special at k, then we set
Proof. If α is not special at any k, then we set O ′ = O 0 . By Proposition 4.12, Spec(C[O] ′ ) has no symplectic leaves of codimension 2, so the corresponding Namikawa space P ′ equals H 2 (O 0 , C). Proposition 4.7 implies that P ′ = 0, and therefore O 0 is birationally rigid.
If α is special at k then O 0 is birationally induced from some orbit O ′ ⊂ l by Proposition 4.8. We have P 0 = H 2 (O 0 , C) = C, and therefore dim P ′ = dim P 0 − 1 = 0, so O ′ is birationally rigid. ) be the corresponding codimension 2 orbit, and P m be the corresponding partial Namikawa space. Then:
• P m ⊂ P can be identified with C dm = z(gl dm m ) ⊂ z(l).
• If α is special at k for some k, then H 2 (O, C) = C can be identified with z(gl k ) ⊂ z(l).
• The action of π 1 (O m ) on P m is non-trivial if d m ≥ 2.
We will use an induction on |S(α)|. In the proof we will need the following two lemmas. Proof. Consider the map ρ : The second lemma we need helps us to control the monodromy action of π 1 (O m ) on P m . 
Analogously to Corollary 4.10, the top map in the diagram induces a surjective map φ : π 1 ( O m ) → π 1 ( O ′ m ), corresponding to the induction. Let Y and Y ′ be the minimal resolutions of Y and Y ′ correspondingly, and set Σ and Σ ′ to be the corresponding exceptional divisors. We have a commutative diagram, analogous to the one above.
Let us denote the resolution maps Y → Y , Y ′ → Y ′ by ρ and ρ ′ correspondingly, and the embedding
, we have P m ≃ P ′ m . Therefore the fibers ρ −1 (x) and ρ ′−1 (x ′ ) are identified with the with the exceptional locus of the minimal resolution of the corresponding Kleinian singularities, that is a set of projective lines.
Let γ ∈ π 1 ( O ′ m ) be an element such that γ acts non-trivially on the set of connected components of ρ −1 (x), and let γ ∈ π 1 ( O) be a preimage under φ of γ. Then the action of γ intertwines the connected components of a fiber of the resolution map f : , and we can assign to it the corresponding Namikawa space P i . We set P m = P i , and call it the Namikawa space corresponding to O m .
The following is the main result of this section. Let us explain how we are going to prove the theorem. First, we need to show that the birational induction from the Levi algebra l = gl l × g n−2l does not change the singularity of number m for m = l. This is done in Proposition 4.20. In addition, that allows us to control the corresponding Namikawa space P m . Proposition 4.23 allows us to control the smooth part P 0 of the Namikawa space. Therefore, we can describe the change of the Namikawa space P for the birational induction from l = gl l × g n−2l , and thus get the result of the theorem.
First, we need to consider a case when O is birationally induced from an orbit in l = gl l × g n−2l rather than a cover of it. ) is Σ, where Σ = (C 2 / Γ) ∧ 0 for some subgroup Γ ⊂ Γ of index 2, and µ −1 (U ) ≃ V × Σ. In particular, the smooth locus of µ −1 (U ) is connected.
The
is a disjoint union of formal neighborhoods to x 1 , x 2 ∈ µ −1 (x), and the smooth part of µ ′−1 (U ) is disconnected.
By construction, ρ restricted to the smooth locus is an isomorphism. However, it sends connected µ −1 (U ) reg to the disconnected µ ′−1 (U ), so we get a contradiction. Therefore,
The singularity of O m ⊂ Spec (C[ O] ) is a Kleinian singularity C 2 /Γ ′ , let Σ ′ be the formal slice to O m at the point x 1 . Then µ induces an etale 2-to-1 map Σ ′ ⊔ Σ ′ → Σ. Therefore Γ ′ = Γ.
We proceed to obtain the general case from the lemma. 
We will need the following lemma:
Lemma 4.21. The morphisms ρ and f are surjective.
Proof. The map ρ is by construction a partial resolution of singularities, and therefore ρ is proper. Then the image of ρ is a closed subset of X. On the other hand, ρ is birational and therefore dominant. Thus, it is surjective. 2) O ′ m is a 2-fold cover ofǑ ′ m . We set p =ρ • f ′ . Then we have a commutative diagram. 
Proof. Since O 0 is birationally rigid for the Levi l = i∈S(α) gl k i i × i∈S gl i × g t , O 0 is a cover of an orbit in g t .
Recall from Proposition 2.10 that the orbit O can be induced from {0} × O ′ ⊂ gl k × g n−2k for k / ∈ S(α) if and only if α is the collapse of α ′k , where α ′ is the partition corresponding to O ′ . Then α k−1 > α k = α k+1 > α k+2 , and α k has the opposite parity to g. LetǑ be the cover of O birationally induced from O ′ . By Corollary 4.11 a cover O is birationally induced from some cover
, and X ′ = Spec(C[ O ′ ]). Let P and P ′ be the Namikawa spaces for X and X ′ respectively.
Recall from the proof of Proposition 4.1 that H 2 (X reg , C) = H 2 ( O, C). Analogously to Corollary 4.10, dim H 2 ( O, C) = dim H 2 ( O ′ , C) + 1. Let Levi subalgebra l ⊂ g n−2k and a birationally rigid cover O 0 of an orbit O 0 ⊂ l be such that O ′ is birationally induced from O 0 . Then O is birationally induced from {0} × O 0 with the Levi subalgebra gl k × l, and we have P = z(gl k × l) = z(gl k ) ⊕ P ′ . Recall that by Proposition 4.20 dim P m ≤ dim P ′ m for all m ∈ S(α). Therefore dim P m = dim P ′ m for all m ∈ S(α), and H 2 ( O, C) = H 2 ( O ′ , C) ⊕ z(gl k ).
Set r = n − 2 i∈S i, and let O 1 be the cover of an orbit O 1 ⊂ g r that is birationally induced
Let β be the partition corresponding to O 1 ⊂ g r . Note that by Corollary 4.5 O 1 cannot be birationally induced from any Levi subalgebra of form gl k × g r−2k for k ∈ S(β).
Suppose that H 2 ( O 1 , C) = 0. Recall from Proposition 4.7 that H 2 ( O 1 , C) = (z * ) π 1 ( O 1 ) , where z is the center of the Lie algebra of the reductive part Q of the stabilizer of an element x ∈ O 1 . Since q is the sum of some copies of so a and sp b , z is a sum of copies of so 2 corresponding to the pairs (m, k), such that m and g are of the opposite parity, and β k−1 > β k = m = β k+1 > β k+2 . We denote this copy of so 2 by so 2,k . Suppose that so 2,k ⊂ H 2 ( O 1 , C). Then π G 1 ( O 1 ) acts on the so 2,k trivially, so π G 1 ( O 1 ) ⊂ Γ k , where Γ k is defined as in Section 4.2. By Corollary 4.11, O 1 is birationally induced from a cover of a nilpotent orbit in gl k × g r−2k . But such k / ∈ S(β), so we get a contradiction. Therefore H 2 ( O 1 , C) = 0.
Note that Proposition 4.23 is the first statement of Theorem 4.17. To finish the proof of the theorem we imply the second statement from Proposition 4.23 and Corollary 4.22 Proof. By Proposition 4.23, P 0 = H 2 ( O, C) = z( k∈S gl k ). By Corollary 4.22, P m ⊂ z(gl km m ). Recall that P = m∈S(α) z(gl km m ) ⊕ l∈S z(gl l ) by Corollary 4.3, and P = P 0 ⊕ m∈S(α) P m by Proposition 3.5. Therefore, we have P m = z(gl km m ) for all m ∈ S(α). Consider ξ ∈ P m . Recall that P m = z(gl dm−1 ) ⊂ z(gl dm ) = P m , so ξ is a common deformation direction of C 2 /Γ and C 2 /Γ ′ , i.e. ξ ∈ V ∩ V . Suppose that Γ ′ ≃ C 2(dm−1) , then d m = 2k + 1, k ≥ 1, and Γ ′ is the dihedral group of order 4k. Then V ∩ V = Z(C[Γ]) ∩ Z(C[Γ ′ ]) = Z(C[Γ ′ ]) Γ 0 , where Γ 0 = Z/2Z corresponds to the quotient Γ/Γ ′ . It is easy to see that the action of Γ 0 on Z(C[Γ ′ ]) is not trivial.
Singularities of
Suppose that π 1 (O ′ ) acts on V trivially, so P m = Z(C[Γ ′ ]). From the discussion above P m ⊂ V ∩ V = Z(C[Γ ′ ]) Γ 0 , and we get a contradiction.
Then dim P m = dim Z(C[Γ ′ ]) − 1 = k + 1. By Proposition 5.2, dim P m = d m − 1 = 2k. Since k ≥ 1, we get a contradiction. Since the cover O → O can be obtained by a sequence of 2-fold covers we have the following corollary.
